Abstract. It is well known that any discrete subgroup G of P SL(2; C ) can be lifted to a subgroup of SL(2; C ) if and only if G does not have two{torsion ( 1], 4]).
Preliminaries
Recall that SL(2; C ) is the group of complex 2 2{matrices with determinant 1. The quotient PSL(2; C ) = SL(2; C )=f Ig is the group of M obius transformations of the extended complex planeĈ .
Consider the exact sequence 0 ! Z 2 ! SL(2; C ) ?! PSL(2; C ) ! 0:
Here : SL(2; C ) ! PSL(2; C ) is the natural projection. Let G PSL(2; C ) be a subgroup. A homomorphism ' : G ! SL(2; C ) is a lifting of G if ' is the identity mapping of G. It follows that a lifting ' is an isomorphism of G onto '(G) (cf.
Example 4). For a lifting ' : G ! SL(2; C ), we also call the image '(G) SL(2; C ) of G, a lifting of G.
If G contains the M obius transformation g(z) = ?1=z, then G has evidently no liftings because the matricesg 1 = ( 0 ?1 1 0 ) andg 2 = ( 0 1 ?1 0 ) are of order 4 while g is of order two. This observation can be generalized as follows: Proposition 1. Let G PSL(2; C ) be a group and let S be a generating set of of G. Suppose that ' : S ! SL(2; C ) is a mapping satisfying ('(s)) = s for all s 2 S. Then ' can be extended to a lifting of G if and only if the following holds: If s 1 ; : : : ; s n 2 S such that s "n n s " 2 2 s " 1 1 = id, " j = 1, j = 1; : : : ; n, then '(s n ) "n '(s 2 ) " 2 '(s 1 ) " 1 = I: (2) Example 1. Let k > 1. For any positive integer n de ne g n (z) = k 1=n z. Consider the group F generated by all elements g n , n = 1; 2; : : : : It is obvious that a lifting of F is generated by the matrices k On the other hand, every generator g n is a square of some other generator, namely g 2n , i.e., g n (z) = g 2n (g 2n (z)). This implies that for any lifting of F to SL(2; C ), all matrices corresponding to generators of F have positive trace. We conclude that the group F has only one lifting to a subgroup of SL(2; C ).
This example indicates that the exact sequence (1) is not simple as it looks like. It is well known that a Fuchsian subgroup G of PSL(2; C ), which does not contain elliptic elements, can always be lifted to a subgroup of SL(2; C ) (see 4] and references given there). Furthermore, if G acts in the upper half{plane and U=G is a genus g Riemann surface, any choice of matrices corresponding to standard generators of G generates a lifting of G. This fact has been discovered and rediscovered several times independently by many authors during this century. In particular, G has 2 2g liftings to subgroups of SL(2; C ).
The usual proofs of this fact rely on the geometry of the Riemann surface U=G. Some proofs are based on the fact that the canonical bundle of U=G has a square root, some others on the fact the Euler characteristic of an orientable surface is an even number.
2. Free groups Let G PSL(2; C ) be a group, and suppose that S is a generating set of G. By de nition, G is a free group and G is generated freely by S if any mapping from S into an arbitrary group X can be extended to a homomorphism from G into X. Since the projection : SL(2; C ) ! PSL(2; C ) is a homomorphism, the following is obvious: Proposition 2. Suppose that G is generated freely by S. 
Example 2. Consider hyperbolic transformations g, h 2 PSL(2; R) with intersecting axes. The pair (g; h) can be chosen such that ( 3) is satis ed. In this case c is an elliptic transformation of order two and the group hg; hi has no liftings (cf.
Proposition 1).
The axes of g and h intersect if and only if 0 < t < Figure 1 (cf. 9, Figure 1 .7]). Let K 1 and K 2 be orthogonal circles of the unit circle such that K 1 is orthogonal to the axes of c and c 3 and K 2 is orthogonal to the axes of c 2 and c 3 . Then K 3 = g(K 1 ) is orthogonal to the axes of c 1 and c 2 and K 4 = h(K 2 ) is orthogonal to the axes of c and c 1 . Since the circles K 1 , K 2 , K 3 and K 4 are external to one another, it follows that hg; hi is a Schottky group and hence it is generated freely by g and h.
Combining Propositions 2 and 5 we obtain the following result:
Theorem 2. Let g, h 2 PSL(2; R) be hyperbolic transformations with intersecting axes. If the commutator c = g; h] is hyperbolic, then every mapping ' : fg; hg ! SL(2; R), ('(g)) = g, ('(h)) = h, has a continuation to a lifting of the group hg; hi. The following example shows that the existence of liftings of Fuchsian groups representing compact Riemann surfaces is by no means obvious. If G PSL(2; R) acts discontinuously and does not have xed{points in U, then U=G is a Riemann surface. Since G is either a free group or U=G is compact, the group G can be unlimitedly lifted. Then G # 6 = G which implies that G contains elements which are not products of commutators and squares of elements of G. In particular, the fundamental group of a compact Riemann surface contains such elements. On the other hand, the group G considered in Example 1 satis es G # = G. Since this group is generated by the squares of its elements, the converse of Theorem 3 does not hold. The converse of Theorem 4 does not hold. For instance, the group hgi generated by g(z) = 1=z has no liftings although g(R) =R.
Liftings of orientation reversing M obius transformations
6. Liftings of NEC groups representing Klein surfaces An important application of the lifting theorem concerning Fuchsian subgroups of PSL(2; R) is the representation of Teichm uller spaces of smooth complex projective curves as a component of an a ne real algebraic variety ( 3] ). This result can be generalized to smooth projective real algebraic curves by considering the complexications of real algebraic curves ( 7] ). These complexi cations are simply complex algebraic curves with orientation reversing symmetries.
Real algebraic curves can be viewed as non{classical Klein surfaces. Excluding certain elementary cases such Klein surfaces can always be expressed in the form U=G where G is a discrete subgroup of the group M(U) (see abstract).
Observe that the topological group M(U) has two components: one containing all orientation preserving M obius transformations and one containing all orientation reversing ones. LetM Suppose that G M(U) is a NEC group representing a compact Klein surface X = U=G. Then, by the proof of Theorem 6, G can be unlimitedly lifted. The Kleinian group G = G + f z 7 ! g(z) j g 2 G n G + g has the same liftings and the same limit setR as G. Since G acts on U, the group G has no invariant components. Hence there exist non-elementary nitely generated Kleinian groups which are not function groups but which can be unlimitedly lifted. A similar example has been constructed by M. Culler ( 1] ).
